Abstract-Three finite-element formulations based on different definitions of current density are compared. Formulations I and II are based on incomplete equations for total and source current densities, respectively. Formulation III is based on a complete equation for source current density. To validate the third formulation, a one-dimensional test problem is solved analytically for the magnetic field intensity. The formulations are applied to a nondestructive testing example and a three-phase bus-bar example. Results show that errors due to the use of incomplete equations for current densities increase with frequency and conductor dimensions.
I. INTRODUCTION
T HE PHENOMENA of eddy current and skin effect occur in most electrical power devices and in nondestructive testing (NDT) as well. Their accurate simulation in both transient and steady state regimes is often necessary at the design stage.
Review of the technical literature reveals numerous contributions to the solution of eddy current and skin effect problems in both frequency and time domains [1] - [9] . The two-dimensional (2-D) finite-element method (FEM) is used to solve the diffusion equation for the magnetic vector potential (MVP) in [1] - [6] . In [1] and [2] , the assumption is made that the total current density (TCD) in a conductor equals total current divided by conductor cross-sectional area. By contrast, in [3] and [4] , the source current density (SCD) in a conductor is assumed to equal the ratio of total current and conductor cross-sectional area. According to electromagnetic theory, the SCD depends not only on total current but also on the time derivative of the integral of the MVP over the conductor cross-sectional area. Ignoring the role of the MVP in the expression for the SCD is tantamount to neglecting skin and proximity effects.
The problem is solved more accurately in [7] and [8] by obtaining both MVP and SCD simultaneously. In [11] , [12] , an improved version of the finite-element (FE) formulation [8] (EMATs). Unlike in the original formulation [8] , the MVP is the only unknown in the improved formulation [11] . The formulation in [7] and [8] yields a mixed set of algebraic and differential equations. The improved formulation in [11] yields only a differential equation. As a result, the associated numerical method is more stable for transient analysis involving current sources.
II. MAGNETIC FIELD EQUATIONS
Consider the general geometry of several current-carrying conductors in the vicinity of a region (e.g., some metal), which is also conducting. For 2-D multiconductor analysis, the magnetic field is obtained in terms of the MVP in the region of solution, which contains all sources, from the following equations (see the Appendix):
where , and are permeability, conductivity and MVP, respectively, and , , , and denote TCD, SCD, total current, and cross-sectional region of the th conductor, respectively. In source-free conducting regions the MVP must satisfy (4)
A. Earlier Formulation I
In this formulation the TCD is assumed to be independent of position inside a conductor. Thus, from (3) (5) where is total current and is the cross-sectional area of the th conductor [1] , [2] . In this paper, (5) is referred to as the incomplete equation for TCD. By substituting (5) into (1), the differential equation for the source region becomes (6) The discretized FE equivalents of (4) and (6) are obtained from the following equation by assuming that for source regions and by interpreting as TCD: (7) 0018-9464/02$17.00 © 2002 IEEE Here , , , and are the column matrices of FE node potentials, node current density values, and the usual FE coefficient matrices and [5] , respectively.
B. Earlier Formulation II
In general, both and are unknown. However, in this formulation, which is still often used, is assumed to be only a function of total current. In [5] and [6] , the problem is solved for a given SCD. However, it is not clear how the SCD is determined from total current. In many applications the total currents in the conductors are known. For time domain field analysis, as for static field analysis, the following simple equation for is used [3] , [4] : (8) In this paper, (8) is referred to as the incomplete equation for SCD. By substituting (2) into (1), the governing differential equation becomes (9) The FE equivalent of (9) is given by [6] (10) where is the column matrix of nodal SCD values. In frequency domain (10) becomes (11) where and are the phasors of and , respectively.
C. Improved Formulation III
By making use of the integral form of Maxwell's second equation, is obtained as follows (see the Appendix):
In this paper, (12) is referred to as the complete equation for SCD. By substituting (12) into (9), the governing equation becomes
The FE equivalent of (13) is more stable than the FE equation used in [8] and is given by
In (14) the rectangular matrix is exactly as given in [8] . is a diagonal matrix with diagonal elements given by , , where is the total number of conductors with SCD. The SCD column matrix, , is a function of total current and MVP, and is defined as (15) In frequency domain (14) becomes (16) where and are the phasors of and , respectively. Note that (7), (10), (11), (14)-(16) are written for just one FE. Usual FE matrix assembly procedures are applied to obtain similar matrix equations which are valid for the entire problem region. Also, it should be noted that only current sources are considered in this paper. With the approach described in [7] , the improved formulation may be extended to include voltage sources as well.
III. VALIDATION
The test problem shown in Fig. 1 is the classical one-dimensional (1-D) problem of a single, thin, slot-embedded conductor. Geometry and physical properties are identical to those in [9] . The conductor is 4 units high, has conductivity , and carries an exponentially decaying total current given by , where is the unit step function. Permeability of both conductor and air is taken as . To obtain the MVP, assume that . With this assumption, and can be computed. Therefore, is given by for for (22) and for . Analytical and FE results for are shown in Fig. 2 . The FE grid is defined over the region and . The average of FE results for at and is displayed in Fig. 2 . For the above test problem, Formulation II yields a SCD of while Formulation I gives a TCD of . The discrepancy between these results and the above analytical solution is large.
Note, another analytical solution was obtained and used to validate a computer program based on FE equation (10) for Formulation II. The corresponding test problem is described in [10] . Fig. 3 shows the 2-D configuration of an electromagnetic acoustic transducer (EMAT) meander coil above an aluminum specimen. The coil consists of a single long wire going back and forth in a series of parallel lines and is used to induce eddy currents in the specimen. The coil in Fig. 3 has six parallel lines of by rectangular cross section. Dimensions and refer to lift-off and the distance between parallel lines, respectively. The excitation current of the th conductor is assumed to be , where is a constant current and is the angular center frequency. Other parameters used are A, T, mm, and mm. Table I shows Lorentz force densities , , near the surface of the specimen, directly under meander coil conductors 1, 2, 3 (numbered left to right), respectively, for four cases. Interestingly, Formulation I yields better results than Formulation II. Note how the errors increase with excitation frequency and conductor dimensions. Since Formulation I ignores the dependence of total current density on position and simplifies the integration in (3), the error increases with the cross-sectional area of the source conductor. Furthermore, Formulation II ignores the second term on the right side of (12) . The error increases not only with source conductor dimension but also with the time derivative (or in frequency domain) of the MVP. Section III shows the validity of results obtained with Formulation III; they are used as a basis for comparison instead of exact values. 
IV. EMAT EXAMPLE

V. A THREE-PHASE BUS-BAR EXAMPLE
VI. CONCLUSION
Three FE formulations for 2-D eddy current and skin effect problems are compared by using two different examples. A 1-D test problem is used to validate Formulation III, which is extended also to frequency domain. Formulation III completely encompasses proximity and skin effects whereas the two earlier formulations do not. Maxwell's equations are not fully applied when the incomplete equation for SCD is invoked. The error resulting from the use of the incomplete equations for current densities increases with frequency and conductor dimensions. The results also indicate that the error for Formulation I is less than the error for Formulation II.
APPENDIX
Consider the Maxwell's equations for eddy current and skin effect problems:
(26) (27) where is magnetic flux density, is magnetic field intensity, is electric field intensity, and is TCD. 
